Abstract. It is shown that under mild conditions the path-component of the identity in the dual group G* of an Abelian topological group G is precisely the union of the one-parameter subgroups of CT. This yields several corollaries, including a necessary condition for certain groups to be reflexive (to satisfy the Pontrjagin duality theorem), and a negative answer to a question of N. Noble.
contained in the path-component P of the identity, and so only the reverse inclusion requires proof.
Fix a character y E P. We wish to construct a one-parameter subgroup of G" in which y lies, and we start the construction by lifting y to a real character ß: G -» R; this part of the argument is similar to that of (4.73) of [5] . Let/: [0, 1]-* G~ be a path joining 0 (the trivial character) and y-thus /(0) = 0 and/(l) = y. If we regard G' as a subspace of the function space TG with the compact-open topology, / may be regarded as a map from [0, 1] into TG, and, since G is a £-space, (XV, 3.1) of [2] shows that / induces a homotopy H: G X [0, 1] -» T between the trivial character 0 and y. Then the homotopy lifting property ( §2.2 of [15]) applied to the covering projection/?: R -* T defined by p(x) = exp(2trix) shows that in the following commutative square a homotopy F can be found making the resulting triangles commute. Since R is a divisible group the following corollary is immediate. Corollary 1. With G as in the theorem, the path-component of the identity in G' is divisible.
The corollaries we now wish to obtain are derived by applying the theorem to the dual G" of some group G, but to do this we need to ensure first that Gĩ s a A>space. This is so, for example, if G is locally compact (for then so is G~), or if G is hemicompact (for then G~ is first countable) [14] .
Recall that a space X is a ka-space if it has the weak topology with respect to an increasing sequence {X") of compact subsets with union X. Such a space is both hemicompact and a A>space. All compact spaces, locally compact a-compact spaces, and countable CW-complexes are &u-spaces, and the free and free Abelian topological groups on a fcu-space are again ku [11] , [10] . The theorem and Corollary 1 now give Corollary 2. Suppose that the Abelian topological group G is reflexive. If G~ is a k-space then the path-component of the identity in G is the union of the one-parameter subgroups of G (and is thus divisible); and the same conclusion holds in particular if G is a ku-space.
The next corollary reduces the study of the reflexivity of many locally path-connected groups to the study of those which are also path-connected.
Corollary
3. Suppose that G is reflexive. If G is a locally path-connected ku-space, then it is topologically isomorphic to P © D, where P is reflexive and is a path-connected, locally path-connected ku-space, and D is countable and discrete.
Proof. The path-component P of the identity in G is a (locally pathconnected) open subgroup, and the work of [17] (see also Corollary 3.4 of [14] ) therefore shows that P is reflexive. It is also a A^-space because it is closed in G, and thus Corollary 2 applies, showing that P is divisible. By (6.22)(b) of [4] any open divisible subgroup of G is a topological direct summand of G, whence G = P © D, where D is the discrete group G/F; and this quotient, being thus a discrete ku-space, is countable.
4. Let X be a ka-space containing a nontrivial path. Then A (X), the free Abelian topological group on X, is not reflexive.
Proof. The underlying abstract group of A(X) is a free Abelian group, which clearly has no nontrivial divisible subgroups. As remarked earlier, /I (A') is a ka-space, so if it were reflexive, Corollary 2 would show it to be totally path-disconnected, contradicting our assumption on X. D In [14] Noble asked: Is every complete Abelian k-group with sufficiently many characters reflexive? (Noble defines a A:-group as a topological group on which every k-continuous homomorphism is continuous; the reader should note that there are several other quite different definitions in the literature. In addition, /c-groups in Noble's sense need not be A>spaces, although any group which is a &-space (or a A;u-space) is clearly a A:-group.) Corollary 4 enables us to give a negative answer to Noble's question, once we note that for any &u-space X, A(X) is complete and has sufficiently many characters to separate points. Completeness follows from Theorem 2 of [6] where it is proved that any group which is a ku-space is complete. On the other hand, if w = alxl + a2x2 + • • • + a"xn is a nontrivial element of A (X) (with n > 1, ax, a2, . . . , an nonzero integers and xx, x2, . . . , x" distinct elements of X), choose z E T for which za' =£ 1 and extend the map xx -* z, x¡ -» 1, i = 2, 3, . . . , n, to a continuous function (f>: X -h> T. By definition of A(X), <p then extends to a character $: A(X) -» T, and <í>(w) ■ z"y # 1 (cf. similar arguments in [3] and [12] ).
It is well known that a character defined on a closed subgroup of a locally compact Abelian group can be extended to a character on the whole group. Without the assumption of local compactness, however, the situation is less clear, and it therefore seems worth noting that at least some of the groups discussed in Corollary 4 fail to have this property. The proof of Theorem 4 of [13] shows that whenever a A:u-space X contains a nontrivial path, A(X) has a closed subgroup A (I), so it would be of some interest to know whether an analogue of Theorem 1 of [13] holds for free Abelian topological groups, and, in particular, whether A (I) contains a copy of A (I2). An affirmative answer would enable us to apply the above example to all the groups of Corollary 4.
